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ABSTRACT

The present paper continues the study of balanced treatment incomplete

block (BTIB) designs initiated in [1]-ES]. This class of designs was

proposed for the problem of comparing simultaneously p L 2 test treat-

ments with a control treatment when the observations are taken in blocks

of common size k < p+l. In [2]-[5] we gave lists of generator designs,

the conjectured minimal complete class of generator designs, a catalog of

admissible designs, and tables of optimal designs for p = 2(1)6, k = 2;

p = 3(1)6, k = 3; and p = 4, k = 4. This present paper gives our

conjectured minimal complete class of generator designs for p = 5, k =4

and p = 6, k = 4 based on a generalized notion of C-inadmissibility. At

this time we have made no further computations based on these classes of

designs. Interested researchers are encouraged to supplement these classes

if they are not already minimal complete.

Key words aad phrases: Multiple comparison with a control, balanced treat-

ment incomplete block (BTIB) designs, admissible designs, S-inadmissible

designs, C-inadmissible designs, minimal complete class of generator

designs, optimal designs.



i. INTRODUCTION

The present paper continues the study of balanced treatment incomplete

block (BTIB) designs initiated in [1J-ES]. This class of designs was

proposed for the problem of comparing simultaneously p 2 test treatments

with a control treatment when the observations are taken in blocks of

common size k < pil. In [2]-C5] we gave lists of generator designs, the

conjectured minimal complete class of generator designs, a catalog of

admissible designs, and tables of optimal designs for p = 2(1)6, k = 2;

p = 3(1)6, k = 3: and p = 4, k = 4.

In this paper we give our conjectured minimal complete class of generator

designs for two additional cases: p = 5, k = 4 and p = 6, k = 4. While

studying the case p = 6, k = 4 we encountered a phenomenon which did not

arise with any of the cases considered previously (or with the other case

considered in the present paper): for the case p = 6, k = 4 we found

three generator designs which are neither S-inadmissible nor C-inadmissible

nor equivalent to another generator design (or union of replications of

other generator designs), and yet they can be eliminated from our conjectured

minimal complete class without sustaining any statistical loss. This happens

here because these three generator designs have the property that if any

BTIB design containing these designs is admissible then there is an equiva-

lent BTIB design which does not contain these designs. To account for this

possibility we give below as Definition 2.1 a generalization of the notion of

C-inadmissibility; using this new definition we are thus able to cut the

number of generator designs in our conjectured minimal complete class for

p = 6, k = 4 from ten to seven. (See Table 2.2.)
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At the present time we have made no further computations based on

our conjectured minimal complete class of generator designs for these

two new cases. Our reason for not doing so stems from the fact that

we are not as confident as we were for the cases studied in [2]-L5]

that we have indeed obtained the minimal complete classes for the two

new cases. The number of generator designs increases rapidly as p and

k increase, and in general the number of generator designs in the minimal

complete class also increases. This is shown by Table 1.1 below which is

based on available information in [2]-[5] and the present paper. As noted

in [31-[5] and above, many of these numbers are as yet unverified.

Table 1.1

Nuber of Generator Designs

in the Conjectured Minimal Complete Class

k
p

2 3 4

2 2

3 2 2 -

'4 2 5 '4

5 2 6

S6 2 5 7

We have decided to record the results that we have obtained thus far

concerning these classes of generator designs in the hope that other researchers
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in the combinatorial design area will become interested in the problem of

constructing minimal complete classes of generator designs for the cases

that we have studied, and perhaps also for other cases. In fact they may

be able to propose a method or methods of constructing such minimal

complete classes. Hopefully, the results that we have obtained will

provide a point of departure for such studies.

Remark 1.1: The concept of a minimal complete class of generator -esizn.s

may, at first glance, appear to be just an esthetic or mathematical nicetv.

there are, however, very important practical reasons for identifyilng these

classes. When we set out to prepare a catalog of admissible designs for a

given (p,k,b) or to determine the optimal design for a given tpkb

and d/o (as in [21-[5]) we do so using a computer search which enumerates

all possible BTIB designs. The cost of such a search became prchibitive

in terms of time (and hence cost) if the number of generator designs in the

minimal complete class is "too large"; just noting that the number :f gener-

ator designs in the conjectured minimal complete class can be cut by one,

may make such a computation affordable when b is large.

2. CONJECTU.RED MINIMAL COMPLETE CLASS 7F 5ENERATCR ESIGNS

We first give a generalization of our earlier definition of 2-inadmissibility

(see Definition 2.5 in [3]) which is useful for further restricting the number

of generator designs in our conjectured minimal complete class; this will

prove helpful for the p = 6, k = 4 case (and probably also for additional

cases not considered heretofore) but was not necessary for the (p,k) cases

considered in [21-[51, or for the p = 6, k = 3 case.
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Definition 2.1: Suppose that for given (p,k) we have n > 2 generator

designs D. (1 < i < n) no two of which are equivalent, and none of which

is equivalent to the union of two or more generator designs. Suppose

further that no D. (1 U i < n) is S-inadmissible. Consider a design
n n

D = u f.D. and an arbitrary design D' = u giDi If given D u D'
i=1 n i=l

one can find a design D" = u hiD i such that D is not included in D"
i=l

and D u D' is either inadmissible wrt D" or equivalent to D", then we

say that D is C-inadmissible wrt the set {D1 ,D2 ,... ,Dn}.

As in Remark 2.6 of [3], if a design Di E {D1,D2,. ..,D n } is C-inadmissible,

then we shall say that D. is C-inadmissible wrt {D. (j # i, 1 < j < n)}.

Thus if D. is itself inadmissible (which is not guaranteed by Definition 2.1),

and furthermore is C-inadmissible, i.e., every design containing D. is

either inadmissible or equivalent to another design not containing Di, then

the minimal complete class must not contain D.. This leads us to the fol-

lowing definition.

Definition 2.2: If the set {D1 ,...,D n} contains all generator designs for

given (p,k), and if {Di ,... ,Di } with m < n is the subset which con-
m

tains all generator designs which are nonequivalent, non S-inadmissible,

and none of which is C-inadmissible for all b, then the latter set will

be referred to as the minimal complete class of generator designs for given

(p,k).

Our conjectured minimal complete class of generator designs for p = 5,

k = 4 and p = 6, k = 4 is given in Tables 2.1 and 2.2, respective!-. In

the Appendix we show that D8 in Table 2.1 is C-inadmissible wrt

DD29,...,D 7 } for all b, and that DV D9 and D10 in Table 2.2 are
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Table 2.1

Conjectured Minimal Complete Class of Generator Designs for p 5, k = 4

-, I

Label Design bi  x x(I

(00 0 0
D 0 5 3

0 00000 0
12345)

D 2 00 00 05 402 12345 ()
12345

2 2003 7 32 41

355455d3 5o o 5o o 5o ) o o o
D4 0000 7 5

0) 10 6 3

0 ) 000001112

6 0123423 31 10 7 2

2345554545

D7 5 0 3

C 0 0000000
111122233/ 10 81

234534545 5)r __________ ______________________________________ __________
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Table 2.2

Conjectured Minimal Complete Class of Generator Designs for p 6, k 4

Label Design b. 0  1

0 00

3 45 660
23456

D 23234 7 2 2

( 4 35 345
46656

0 0023000

4 6( 56 36 5)

D 11122234 10 5 2

223343345 ( 5

D5  122223433 
11 1 

4
35 334455445

D 00 0 1 22 2 23 
11 3 1

11122 2 2

D 222233343334 
15 0 6

7 3344544554455 55
4 565 5666 56666

0000
0000D 003 005

0 ._ 0 ... 0,, 0,. .. ... .....



Table 2.2 (continued)

Label Design b. U~) xU
j.0 1

D 0 0 00 000 0 01200

1 0000000 15 10 11

(235634564565665)



C-inadmissible wrt {DI,D 2,... ,D7 } for all b; we also show that D6  can

only appear in admissible designs of the form D6 u fD7 with f > I. We

mention that designs D8 , D9 , D1 0  in Table 2.2 are C-inadmissible in the new

sense but not in the old sense, i.e., according to Definition 2.5 in C3].

Equivalent designs and S-inadmissible designs are not given in these tables.

For example, for p = 5, k = 4 design

0' 0 a 0 0 0 0 0 0 0 0 0 0 0"

0 0 0 0 0 1 1 1 1 1 2 2 2 3

1 1 3 0 0 2 2 2 3 4, 3 3 4. 4.

3 4. 2 5 3 4 5 5 5 . 5 5 5

with b = 14, X0 = 9, X = 3 is a generator design but it is equivalent

to D3 u D in Table 2.1, while the design

1 3 0 0 0 0 22

3 4 2 2 0 0 34

Si 5S 3 5 1 4 45

with b =8, X 0 4, X'  1 = 2 is also a generator design but it is

S-inadmissible wrt D 3  in Table 2.1.

: We point out that C-inadmissible generator designs which are not

S-inadmissible are given in these tables (separated from the minimal compl6ete

class of generator designs by a double line) because, -1- our con'ecture

concerning the minimal complete class for some (p,k) is in fact Incorrect,



9

i.e., if we have failed to include some generator design(s) in the minimal

complete class, then it is possible that a design which is C-inadmissible

with respect to the present conjectured minimal complete class may not

be C-inadmissible wrt the new minimal complete class. In that situation

such a C-inadmissible design must be included in the new minimal complete

class. This possibility does not arise with equivalent or with S-inadmissible

designs; they can be deleted without loss, and hence are not included in

the tables.

We also point out that not only may some designs be missing from these

tables but also one or more designs which are presently listed may not appear

on a final list. For example, if the design

0 0 0 0 0 0 0 0 0 1 1 1 1 2 3

D = 0 0 0 0 0 0 0 0 2 2 2 4 3 4
03

1 1 1 2 2 2 3 3 4 3 3 5 5 4 5

3 4 5 4 565 66 4 6 6 6 5 6

with b 15, X0 6, XI = 3 had been given instead of D3  in Table 2.2,

then none of the designs {D3, 2 1DD3, .. . ,D10} would have been S-inadmissible;

however, the addition of D3 to the set eliminates D 3 since D 3 is

S-inadmissible with respect to D u D
2 3'

3. CONCLUDING REMARKS

We would be grateful if researchers who obtain results which throw

additional light on these problems would communicate their findings to us.

If the minimal complete class of generator designs can be established for
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the two cases under consideration in the present paper (or if our conjec-

tured minimal complete classes of generator designs prove to be incorrect

for the cases studied in [2]-[5]), then, if feasible, we will compute the

optimal designs for these cases (or improved optimal designs for the cases

studied earlier).

4. ACKNOWLEDGMENT
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APPENDIX

Proofs of C-inadmissibility of certain designs

A.1 Proof for p = 5, k 4 of C-inadmissibility of D for all b

First note that D is inadmissible wrt D_ but not S-inadmissible.

We now consider unions of D8  with all generator designs. We note that*

D8 u D (15,11,1) is S-inadmissible wrt D2 u D6 (15,11,2), D8 u D3 (17,12,3)

is equivalent to D 4 u D6 9 D u D5 (20,14,4) is equivalent to 2D6 , 6D 1 D7

(15,8,4) is S-inadmissible wrt 2D3 (14,8,4). Thus it only remains to

consider unions of D8  with D2, D4  and D6. We shall show that every

0 = f 202 u f D4 u f 6D6 u f D8 with f. > 0 is inadmissible wrt (or equiva-

lent to) some design 0' not containing D8 ; D' = f 2D2 u f4D4 u f u f6l6

is the required design. Thus b b' = 5f2 + 7f4 + !Of6 + 10f S ,

0 = 4f 4 6 8' A f4 + 2f6 + f8 1 X0  4f + 5f + 7f + ;f,;

X= f4 + 2f6 + 3f 8 Hence, p < p' iff

f4 + 2f6 + f8 f4 + 2f6 + 3fa

4f2 + 6f4 + 9f6 + 9fa 4f2 + 6f4 + 9f6 + 9f8

2 2
which is always true for f > 0. Also, T' > T' iff

4f , + 6f 4 + 9f6  + 9f8

(4f + 5f + 7f + 8f )(4f + lOf + 17f + 13f )
2 4 6 8 2 4 6 3

4f2 + 6f4 + 9f6 + 9f8

(4f + 5f , 7f + 6f )(4f, + lOf + 17f + "If)
2 4 6 a 2 6 3

which is always true. This completes the proof of the C-inadmissibility c-f

In this Appendix we use the notation D (b,Ao IX) to indicate that design
has parameter values (b,Xol ).

I0
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A.2 Proof for p 6, k 4 of C-inadmissibility of D8  for all b

First note that D is inadmissible wrt D but not S-inadmissible.

We now consider unions of D8  with all generator designs. We note that

D U D 2 (13,5,2) is S-inadmissible wrt D (10,5,2), D8 u D3 (13,7,1)

is S-inadmissible wrt D9 (11,7,1), D8 u D4 (16,8,2) is S-inadmissible

wrt 2D3 (14,8,2), D8 u D5 (17,4,4) is S-inadmissible wrt 2D2 (14,4,4),

D8 u D6 (17,6,1) is S-inadmissible wrt D u D2 (13,6,2), D8 u D7 (21,3,6)

is S-inadmissible wrt D2 u D5 (18,3,6), and D a D 9 (17,10,1) is

S-inadmissible wrt D10 (15,10,1). Thus it only remains to consider unions

of D8  with D and D O. Note that fiD u f 8D8 is inadmissible wrt

(f 1f )D for f8 > 0 but not S-inadmissible. Also 3D8 (18,9,0) is

S-inadmissible wrt D3 u D (17,9,3). Therefore we must show that every

D = fuD U f8D U f10D10 with f8 = 1 or 2 and flO> 0 is inadmissible

wrt some design D' not containing D., D9  or D10. DI= (f + f 8)D 1 _f10*' 3

is the desired design. Thus b = 6f + 6f + 15f < b' = 6f + 6f + 14f
1 8 10 1 8 o

A0 
= 4f + 3f + 10flol, =  ' A0 = 4f + 4f + 8f 0 X' 2f,

1 8 1 0 0 1 3 Sf 0  1 0'

Hence p < p' iff

fO 102flO

4f, + 3f + llf < Tfl f+4f8 + l0f
41. 8 10 1 8 10

2 ,2
which is always true. Also T 2 r iff

4f + 3f8 + IllflO 4f i +4f8 + lofl0

(4f + 3f + lOf +)(4f 3f + 16fO) (4f * 4f + 8f0)(4f uf + 20f)
1 8 10 1 8 10 1 8 10 1 8 10

which is satisfied for f8 = 1,2. This completes the proof.
f8
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A.3 Proof for p 6, k 4 of C-inadmissibility of D9  for all b

First note that D9  is inadmissible wrt D but not S-inadmissible.

We now consider unions of D with all generator designs. We note that

D9 u D2 (18,9,3) is S-inadmissible wrt D3 u D4 (17,9,3), D9 u D4 (21,12,3)

is equivalent to 3 , 0 9 u D5 (22,8,5) is S-inadmissible wrt 2D2 u D3

(21,8,5), D9 u D6 (22,10,2) is S-inadmissible wrt D1 u D2 u D3  (20,10,3)

and D9 u D7 (26,7,7) is S-inadmissible wrt D2 u D3 u D5 (25,7,7). We

also note that 2D9 (22,14,2) is equivalent to D3 u D and 5D9 (55,35,5)

is equivalent to D4 u 3D o. It is not necessary to consider unions of D8

with D9  since D was shown to be C-inadmissible in Section A.2.

Thus it only remains to consider unions of D9 with D1, D3 and D10

with f 1. Therefore we must show that every D = f1 D U f3D3 U D9 u Io D o

is inadmissible wrt or equivalent to some design not containing 2., D or

D 1 0  0' = fID1 u f1 0D2 u (f3 + f 1)D 3 u D4  is the desired design. Thus

b 6fI + 7f3 + 15fO 10 11 > b' = 6f + 7f3 + 14ffo + 10,

X( = 4ff I 4f3 + lof 1 + 7, Xj = f3 + f1 + 1, X 4f I + 4f3 + 6f10 + 5,

X f f3 + 3f + 2. Hence p < p' iff

f3 + flO + 1 f3 + 3f 1 2

4fI + 5f3 + 1lfo 1 +8 +9f + 7

2 ,2

which is always true. Also T > T iff

4fI + 5f3 + llffo + 8

(4fI + 4f3 + lOffo + 7)(4fI + lOf 3 + 16f + 13) >

4f + 5f + 9 + 7
1 3 0O

(4f1I + 4f 3 + Sf 10 + 5)(4f1I + 10f 3 + 24ff10 + 17)
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which can be shown to be always true. This completes the proof of the

C-inadmissibility of D9 .

A.4 Proof for p = 6, k = 4 of C-inadmissibility of D10 for all b

First we note that D10 is inadmissible wrt D2 u D3 but not

S-inadmissible. We now consider unions of D10 with all generator designs

(except D8 and D9  because these were shown to be C-inadmissible in A.2

and A.3). We note that D10 u D2 (22,12,3) is S-inadmissible wrt

3D (21,12,3), D u D (26,11,5) is S-inadmissible wrt D u D u D
3 10 5 2 3 4

(24,11,5), D10 u D6 (26,13,2) is S-inadmissible wrt D1 u D3 u D4 (23,13,3)

and D10 u D7 (30,10,7) is S-inadmissible wrt D3 u D4 u D5 (28,10,7).

Thus it only remains to consider unions of D10 with DI, D3 and D4.

Note that D10 u 2D4 (35,20,5) is equivalent to 5D . Therefore we must

show that every D = f1D1 u f3D3 f4D4 u f10D10 with f10 > 0 is inadmis-

sible wrt or equivalent to a design D' not containing D,, D9 or D10

when f4 = 0 or 1. D' = f1DI u f0 D2 u (f3 t f 0)D3 u f4D4 is the desired

design. Thus b = 6fI t 7f3 + 10f 4 t 15f 10 > b' = 6f1 t 7f3 + 10f 4 + 14f10,

1 3 3 10'1,1I~0  4f1 + 4f3 + 5f4  10fl0, A1 = f3 + 2f4  f1 0, \0 4 f1 * 4f3 
+
. 5f * 6f,

X' = f + 2f + 3f Hence P < P' iff
1 3 4 10*

f3  + 2f4  + f10 f3 + 2f4 + 3f10

4f + 5f + 7f + llf 4f + 5f + 7f + 9f
1 3 L4 10 1 3 4 10

2 t2
which is always true. Also T > T iff

> i
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4f 1 5f3  + 7ff i4 + lff

(4ff + 4f + 5ff + lOf )(4f + lOf + 17f + 16f+ )
1 3 14 10 1 3 14 L 10

4ffI + 5f3 + 7ff4 + 9flO

(4ff + 4f + 5f + 6f )(14f + lOf + 17f + 24f1
1 3 14 10 1 3 14 10

which is true for ff 0,1. This completes the proof of C-inadmissibility
14

of D
10'

A.5 Proof for p = 6, k = 4 that D6  can only appear in admissible designs

of the form 0 u f'D with f > 1.
6 7 -

First we note that D6  is inadmissible wrt D5 but not S-inadmissible.

We now consider unions of D6 with the generator designs D. (1 < i < 6).

We note that D6 u D1 (17,7,1) is S-inadmissible wrt D2 u D4 (17,7,4),

D6 u D2 (18,5,3) is S-inadmissible wrt D3 u D5 (18,5,5), D6 u D3 (18,7,2)

is S-inadmissible wrt D2 u D4 (17,7,4), D. u D4 (21,8,3) is S-inadmissible

wrt 2D 2 u D3 (21,8,5), D6 u D5 (22,4,5) is S-inadmissible wrt D1 U D7

(21,4,6) and D6 u D6 (22,6,2) is S-inadmissible wrt 3D2 (21,6,6). Thus

it follows that D6 can appear in admissible designs only of the form

Do u fD with f 1> . (We have verified that D u fD is indeed admissible
a 7 6 7

at least for 1 f < 6.)
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The present p.aper continuo,, tiiL' :;tudy -1 u , 'i, r ' ,

block (BTIB) designs initiated T-+t- 1 ]. ThiL class of dezigns was

proposed for the problem of comparing simultancously p > 2 test treat-

ments with a control treatment when the observations are taken in blocks

of common size k < p+l. In 64-] ].we gav lists of generator designs,

the conjectured minimal complete class of generator designs, a catalog of

admissible designs, and tables of optimal designs for p = 2(1)6, k = 2;

p = 3(1)6, k = 3; and p = 4, k = 4. This present paper gives our

conjectured minimal complete class of generator designs for p = 5, k =4

and p = 6, k = 4 based on a generalized notion of C-inadnissibility. At

this time we have made no further computations based on these classes of

designs. Interested researchers are encouraged to supplement these classes

if they are not already minimal complete. .
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